The A 4 × U (1) flavor model of He, Keum, and Volkas is extended to provide a minimal modification to tribimaximal mixing that accommodates a nonzero reactor angle θ 13 ∼ 0.1. The sequestering problem is circumvented by forbidding superheavy scales and large coupling constants which would otherwise generate sizable RG flows. The model is compatible with (but does not require) a stable or metastable dark matter candidate in the form of a complex scalar field with unit charge under a discrete subgroup Z 4 of the U (1) flavor symmetry.
I Introduction
The replication of fermion generations along with small quark mixing angles and large neutrino mixing angles may suggest that the matter content of the Standard Model (SM) transforms nontrivially under a horizontal flavor symmetry group, G F . If this flavor group G F were a continuous global symmetry, then spontaneously breaking it would induce massless Goldstone bosons in the low-energy spectrum, which are difficult to reconcile with experiment. One might therefore imagine that either G F is actually gauged at high energy [1] or that the global family symmetry is actually a discrete group [2] rather than a continuous Lie group.
The flavor group G F = A 4 × U (1) (I.1) was originally proposed for lepton masses by E. Ma and G. Rajasekaran [3] and subsequently studied by many authors. The U (1) is essentially lepton number, 1 but where heavy gauge-singlet antineutrinos are assigned U (1) charge zero instead of −1.
In this paper we will extend a particular model by He, Keum, and Volkas (HKV) [4] which uses the same symmetry group Eq. (I.1). A supersymmetric model containing many of the same leading-order features was proposed earlier by Babu, Ma, and Valle [5] . Their approach to generate a realistic neutrino mixing matrix from the leading order result is to break G F at high energy and have the renormalization group generate a realistic neutrino mixing matrix at low energy; here we will take the opposite approach of attempting to break G F at as low a scale as possible, so that renormalization group corrections are negligible. We also do not require any use of supersymmetry.
The model proposes that, to leading order, the CKM matrix is the identity, and the charged lepton and neutrino mass matrices are "form diagonalized" by unitary matrices that result in a tribimaximal neutrino mixing matrix,
independently of the values of the charged lepton and neutrino masses. The main theoretical challenge for this model is that the charged fermion mass matrices are obtained using an A 4 triplet vacuum expectation value (VEV) pointing in the direction (1, 1, 1), while the neutrino mass matrix is obtained using an A 4 triplet VEV pointing in the direction (0, 1, 0). The former leaves a Z 3 subgroup of A 4 unbroken, while the latter leaves a Z 2 subgroup of A 4 unbroken. The two groups do not commute, and so a generic scalar potential will spoil the two vacuum alignments. The authors called this the "sequestering problem" and proposed one solution based on low-energy supersymmetry.
In this paper we address the sequestering problem by embedding the HKV model in a framework which has no superheavy scales, and therefore does not generate large renormalization group corrections to quadratic scalar couplings. Thus in this model the sequestering problem is solved by showing that it is not a problem to begin with: if we set various quartic couplings in the potential to be negligible at some high energy scale, they will remain small at low energy simply because the separation of scales involved is not large.
II Leading order masses and mixing
The leading order results for quark mixing and neutrino oscillations are the same as in the HKV model, so here we will only review the field transformation properties under SU (3)×SU (2)×U (1)×A 4 ×U (1) X and the resulting expressions for the mass matrices.
The SM fermion fields q,ū,d, ,ē and the SM-singlet antineutrino fields N transform as:
q ∼ (3, 2, + 1 6 There are four SU (2) × U (1) Higgs doublets, {Φ a } v e iθ Φ , the mass matrices for the down quarks, up quarks, and charged leptons are of a common form:
Here the index f = d, u, e labels the three sectors of charged fermions (Q = + , −1, respectively) in the SM.
Thus the mass terms
where
The In this basis the Yukawa matrix is
so the mass of each fermion is an arbitrary coupling constant times a VEV v, just as in the SM.
The quark mixing matrix is
Putting this in the standard form V q ≡ K q V CKM P q , we find V CKM = I. Thus this model explains why quark mixing is small; the realistic CKM angles are presumed to arise from higher order corrections, or from an extension to the theory. In this work we focus on neutrino mixing and do not pursue quark mixing any further. Consequently, from now on we suppress the SU (3) quantum number when expressing group transformation properties of the fields.
As emphasized by HKV, the fermion masses are totally arbitrary while the left-handed mixing matrices are, up to unphysical phases, fixed purely by group theory, in contrast to the alternative possibility that the mixing angles might be related to ratios of masses.
III Neutrino masses
The leading contribution to neutrino masses arises through the seesaw mechanism. An A 4 triplet of SM-singlet real scalars S ∼ (1, 1, 0; 3, 0) (III.1)
with an A 4 vacuum alignment S 1 = S 3 = 0, S 2 ≡ v S = 0 (with v S having either sign) gives a Majorana mass matrix for N :
Here m N is a bare Majorana mass term, and y N is the Yukawa coupling of S to (N N ) 3 S . By rephasing the N fields we can take m N real and positive without loss of generality. In this case, the parameter x is in general a complex number with an undetermined phase [4] . The Dirac mass term arises from L ν Yuk = y ν φ † N and is proportional to the identity:
v φ e iθ φ ≡ φ 0 . In the seesaw limit the light neutrino Majorana mass matrix is
where the phase angles α, β, γ are chosen such that the physical neutrino masses m i are real and positive:
where m ν = |m This model has been shown to be compatible with Eq. (III.7) for both the "normal" mass ordering m 1 < m 2 < m 3 (∆m 2 atm > 0) and the "inverted" mass ordering m 3 < m 1 < m 2 (∆m 2 atm < 0) [7] .
The neutrino mixing matrix is
Thus, putting this in the standard form V ν ≡ K ν V PMNS P ν reproduces the tribimaximal mixing matrix of Eq. (I.2):
The recent measurement of a nonzero V e3 ∼ 0.1 shows that this V PMNS cannot be exact at low energy. Just as for the leading order prediction V CKM ≈ I, this model predicts that V PMNS ≈ V TB at leading order, subject to small but nontrivial corrections.
In this work we will use the fact that the Z 3 and Z 2 subgroups of A 4 do not commute to generate a realistic neutrino mixing matrix. We propose a model in which the Z 2 remains a good approximate symmetry of the neutrino sector, but corrections due to the breaking of Z 3 feed into the neutrino mass matrix and generate the nonzero V e3 required to fit data. An alternative possibility is to perturb the theory around a vacuum that does not respect the Z 3 symmetry, and use the corrections to Z 2 in order to generate a nonzero V e3 .
IV Scalar potential
As explained previously, we would like the charged lepton masses to arise from a VEV Φ 0 ∝ (1, 1, 1), which leaves invariant a Z 3 subgroup of A 4 , and we would like the neutrino masses to arise from a VEV S ∝ (0, 1, 0), which leaves invariant a Z 2 subgroup of A 4 . These two subgroups do not commute, and so the most general potential does not admit this configuration. This is called the sequestering problem.
In the absence of a more elaborate framework, such as extra dimensions or supersymmetry, it is unlikely that this problem can be solved completely, but it can be sufficiently mitigated in a technically natural way. The general philosophy is to declare by fiat that certain couplings are small at a particular energy scale, and then to construct a model for which these couplings do not flow substantially under the renormalization group. The problem of having heavy Higgs doublets with small VEVs was solved independently by Ma [9] and by Porto and Zee [10] and generalized by Grimus, Lavoura, and Radovčić [11] . In the present case we introduce a G SM × A 4 -invariant complex scalar field Y which carries −2 units of U (1) X charge:
and a second A 4 -invariant Higgs doublet φ ∼ (2, + 
Here the ellipses contain all renormalizable terms consistent with the symmetry G SM × G F whose roles are assumed subdominant in what follows. We take M 
In this way we will assume that the SU (2) × U (1) doublet φ is the heaviest particle in the theory and thereby specify the values of all coupling constants at the scale M = M φ ∼ 10 2 TeV. This is much lower than the superheavy scales that often appear, e.g. M GUT ∼ 10
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TeV, and so the renormalization group running to scales far below M will not be significant, and the non-commuting Z 3 and Z 2 subgroups of A 4 can remain sequestered up to small corrections.
V Minimal modification to tribimaximal mixing
Consider the case for which Z 2 = {I, r 2 } is unbroken but Z 3 = {I, c, a} is broken by small perturbations that feed into the neutrino mass matrix. Since ν 1 and ν 3 flip sign under Z 2 , the mass terms ν 1 ν 2 and ν 2 ν 3 are still approximately zero. However, now that c : ν 1,2,3 → ν 2,3,1 → ν 3,1,2 is broken, the terms ν 1 ν 1 and ν 3 ν 3 are no longer forced to be equal. The neutrino mass matrix in the G F -basis is now of the form [12] 
If we assume that, to a good approximation, the charged lepton mass matrix remains diagonalized by the unitary matrix studied previously 3 , then the neutrino mixing matrix is a one-parameter deviation from tribimaximal mixing with the middle column ∝ (1, 1, 1) unchanged, which implies that a nonzero reactor angle θ 13 is generated. To leading order in ε, we have
To search for a suitable high-energy model that will result in the desired perturbation, we first study the low-energy effective interactions which are invariant under
; 3, 0) and the lepton doublets ∼ (2, − 1 2
where:
These operators are invariant under G SM × A 4 but break U (1) X by two units. If we couple any of these to a G SM × A 4 -invariant complex scalar Y with U (1) X charge −2, then these operators are promoted to dimension-6, and the coefficients c i are proportional to Y .
Consider the case c 3 = 0 and Φ
. Defining for convenience the overall scale of the VEVs and the small splitting as
we find:
The perturbation by δ recovers a neutrino mass matrix in the form of Eq. (V.1) with:
Thus we seek a model in which c 1 ∼ c 1 ∼ c 1 = 0 and c 3 ≈ 0, and in which Φ 0 ∝ (1, 1, 1) is perturbed in the form δ Φ 0 ∝ (×, 0, ×). In order to have the flavor-dependent 4 perturbation by δ not be overwhelmed by the flavor-independent overall shift by a [Eq. (V.8)], we could attempt to construct a model in which c 1 c 1 ∼ c 1 .
VI Model for nonzero V e3
One simple way to realize the effective operators from the previous section is to introduce
The field ∆ † can couple to ( ) 1 , the field ∆ † ∼ (1 ) * = 1 to ( ) 1 , and the field
Fortunately the field Y in Eq. (IV.1) has just the required property to allow the dimension-4 interactions
First consider the following Lagrangian for ∆:
Here A and B are couplings, and the ellipses denote other terms which are not important for the present discussion. We imagine that 6 v < M ∆ M φ ∼ 10 2 TeV. At scales far below M ∆ , the path integral for ∆ can be performed in the Gaussian approximation, which removes ∆ 4 We are not working in the e, µ, τ basis; we use the word "flavor" here to mean that the perturbation depends on the A 4 triplet label 1, 2, 3. This usage is consistent with the modern understanding of "flavor" as meaning "copy of representation of G SM " -in other words, copies of identical covariant derivatives -rather than having any a priori relation to the charged lepton mass basis. 5 We express the SU (2) components of the complex triplet ∆ as a 2-by-2 symmetric matrix:
where the superscript denotes the electric charge. 6 The notation "a b" is to be interpreted as "a can be somewhat less than or possibly comparable to b". Also, one could instead take M φ M ∆ , which would amount to pushing the scale at which G F is imposed up to M = M ∆ . As long as this is still substantially smaller than the usual M GUT , the main results of this paper remain unchanged. See Appendix C for a toy model. from the low-energy spectrum 7 and leaves behind an effective Lagrangian:
(VI.4) The last term in Eq. (VI.4) is an explicit realization of the first term in Eq. (V.3), with the coefficient
This procedure can be repeated for ∆ and ∆ to obtain the second and third operators in Eq. (V.3) with coefficients
To leading order there is no term involving ∆, ∆ , or ∆ that couples to the A 4 triplet ( 2 3 , 3 1 , 1 2 ), so we have c 3 = 0. By taking M ∆ large compared to M ∆ and M ∆ , or by taking AB small compared to A B and A B , we can make c 1 c 1 , c 1 .
Now that we have generated the c i , we need to generate the Z 3 -breaking perturbation δ. The perturbation away from Φ 0 ∝ (1, 1, 1) can be achieved through a cubic interaction
If we assume that Φ 0 a ≡ 1 √ 2 v a are real, then the two terms contribute to the classical potential through one combined invariant:
whereμ ≡μ 1 +μ 2 . This is the case studied in Appendix B. We find that
S is the leading order value for S 2 . Using Eq. (V.2), we find
S /m N . The various parameters in Eq. (VI.10) can be arranged to accommodate the measurement V e3 ∼ 0.1. 7 Instead of working in the Wilsonian framework of performing the path integral one step at a time, the reader may prefer to study the scalar potential with all fields left in the spectrum. In that case the interaction ∆ † Y ΦΦ of Eq. (VI.3) induces a small VEV for ∆ 0 , which will have the same effect as Eq. (VI.5). In the neutrino literature this is known as the Type-II seesaw mechanism [13, 14] . 8 The c i have mass dimension −1, so V e3 is dimensionless as required.
VII Goldstone bosons and dark matter
Now that we have achieved a realistic neutrino mixing matrix, let us discuss breaking the U (1) X to a discrete subgroup to avoid generating a massless Goldstone boson after flavor symmetry breaking. Consider the G SM ×A 4 -invariant scalar Y , which carries charge −2 under U (1) X . Instead of the full U (1) X group, let us instead insist only on the discrete subgroup Z 
The terms Y 2 and Y 4 explicitly break U (1) X and remove the unwanted Goldstone mode from the low energy spectrum. The U (1) X representation ϕ ∼ m for the other fields should now be understood as the transformation property
so that all fields with m = 1 get multiplied by a factor of i. Given this, one might be motivated to consider a G SM × A 4 -invariant complex scalar X which carries unit charge under Z X 4 :
The scalar potential involving only X and Y is V (X,
, where
V Y was given in Eq. (VII.1), and:
If we take M 2 X positive so that V X does not induce a VEV for X, then even when Y picks a VEV and breaks Z X 4 , the potential V (X, Y ) leaves a discrete X-parity P X : X → −X unbroken. Thus, if the (X, Y )-sector of the theory were secluded from the rest of the Lagrangian, the lighter of Re(X) and Im(X) would be stable and provide a candidate for dark matter [15, 16] . Now consider the interaction of X with the other fields. In addition to the obvious "Higgsportal" interactions such as X † XΦ † Φ which conserve X-number, there are quartic interactions which are linear in X:
If we suppose that κ 1 or κ 2 is small but nonzero, then P X is broken and X can decay. In view of the scales in our model, one might suppose that M X TeV so that X decays either to the three-body final state φ * ΦS or φ ΦS, or if such a decay is kinematically inaccessible, then X can decay to whatever final states can be reached through the propagators of virtual scalars, e.g. TeV-scale neutrinos or SM charged leptons. For the sake of a rough calculation suppose that M X M φ + M Φ + M S and estimate the width (inverse lifetime) of X as
where κ is either κ 1 or κ 2 , and (2π) n is a phase space factor for n outgoing particles. Recent measurements of cosmic ray spectra [17, 18] may indicate the presence of late-decaying dark matter, which would require [19] a lifetime much larger than the age of the universe: τ min ∼ 10 27 s ∼ 10 54 TeV −1 , where as usual we work in units = 1. Thus, if we would like to interpret the cosmic ray anomalies in terms of our metastable X particle, we need:
Thus, as is the usual case with a decay rate resulting from renormalizable interactions, we require extremely small coupling constants, κ 10 −27 , if we insist on a DM interpretation of the data. It is worth recalling [see below Eq. (VII.6)] that if we were to impose P X : X → −X on the model, then we would have κ 1 = κ 2 = 0. Taking this argument in the other direction, we note that in the limit κ 1,2 → 0 the transformation P X : X → −X emerges as a symmetry of the Lagrangian. Thus any value of κ in Eq. (VII.9), no matter how small, is technically natural in the sense of 't Hooft. In order to satisfy Eq. (VII.9) we would need to fix κ 1 and κ 2 to be small dimensionless numbers, but we would not need to engineer any unnatural cancellation between large numbers.
VIII Alternative deviation from tribimaximal mixing
The study of Appendix B might lead us to consider the case where Z 3 = {I, c, a} remains a good symmetry of the neutrino mass matrix, while the breaking of Z 2 = {I, r 2 } becomes significant. In this case, the neutrino mass matrix in the G F -basis becomes 
Note that if ε 12 = +ε 23 then the third column of U ν L remains unchanged from its leading order value, which is not what we want. This is actually an important observation for our model: the leading order vacuum defined by Φ 0 ∝ (1, 1, 1) and S ∝ (0, 1, 0) leaves invariant a Z 2 symmetry 9 which interchanges 1 ↔ 3 [see Eqs. (B.7) and (B.8)]. Thus any tree-level perturbation from the scalar potential will result in ε 12 = ε 23 , and so this simplest approach will not generate a nonzero V e3 .
What we need instead is to perturb around the leading order vacuum Φ 0 ∝ (1, 1, −1) and S ∝ (0, 1, 0), which will leave behind a (tree-level) symmetry which exchanges 1 ↔ 3 with an additional minus sign [20] . In this case there is no clash between Z 3 and Z 2 , since the vacuum for Φ breaks the Z 3 explicitly; instead there is a clash between the two sectors simply because S preserves Z 2 while Φ does not. In this case the charged lepton Yukawa matrix in the G F -basis becomes
−y e −y e −y e y e ω y e ω * y e y e ω * y e ω y e   .
(VIII.
3)
The left-diagonalization matrix 10 of Eq. (II.5) is now modified by a factor of (−1) in its first row, such that its transpose diagonalizes M e :
(U 
The operation of permuting the first and third columns of U ν L simply permutes the first and third masses 12 in Eq. (III.6), which can be compensated for by taking the opposite sign of the parameter x.
Using the results of Appendix B we find a perturbation with ε 12 = −ε 23 , which results in a nonzero V e3 :
10)], andμ was defined in Eq. (VI.8). The benefit of this alternative derivation of a nonzero reactor angle is that it is easier to reconcile with the best-fit value for the solar angle, and it requires no additional scalar fields (e.g. SU (2) Higgs triplets) beyond those which we have already introduced to obtain the leading order expressions for M e and M ν . In order to ignore the perturbations to Φ ∝ (1, 1, −1) induced by the interaction with S, we must take v S v. Thus an additional requirement of this approach is that the SM-singlet scalars S a have masses bounded from above by ∼ 100 GeV (under the assumption that perturbation theory remains valid). There is, however, no additional symmetry which prevents their prompt decay into lighter particles, so they are not stable enough to constitute the majority of dark matter.
IX Discussion
We have embedded the HKV model into a framework whose largest scale M is much smaller than the traditional seesaw scale: M/M GUT ∼ 10 −10 . The main requirements of such a scenario are an additional A 4 -singlet Higgs doublet, φ , and an SM-singlet complex scalar, Y , which carry U (1) X charge +1 and −2, respectively [Eqs. (IV.1) and (IV.2)]. Then the scalar potential can be arranged such that the small Dirac mass for the neutrino can be generated by a Higgs doublet whose VEV is small but whose mass is large [Eq. (IV.4) ].
This ameliorates the sequestering problem that typically afflicts models of this type for the simple reason that the separation between the scale at which G F = A 4 × U (1) X is imposed and the scale of neutrino masses is not sufficiently vast to induce large renormalization group corrections. This is an alternative to the supersymmetric and brane-world approaches mentioned by HKV and studied by various authors.
The recent measurement of V e3 ∼ 0.1 is accommodated by a minimal modification to tribimaximal mixing due to A 4 -singlet Higgs triplets which communicate the breaking of Z 3 = {I, c, a} into the neutrino sector while leaving the Z 2 = {I, r 2 } essentially unbroken (see Section VI). An alternative possibility is to perturb the theory around the vacuum Φ 0 ∝ (1, 1, −1) and feed the corrections due to breaking the Z 2 = {I, r 2 } into the neutrino mass matrix (see Section VIII).
The desire to remove an unwanted Goldstone boson due to breaking the continuous global U (1) X led us to insist only on the discrete subgroup Z We conclude with a brief evaluation of the relative theoretical merits of the "complicated" theory of Section VI as compared to the "simple" theory of Section VIII. On the one hand, it is often desirable for computational simplicity to assume a principle of economy in lowenergy phenomenology, in which case one might prefer not to add any additional fields besides those that generate the leading order results for M e and M ν . On the other hand, it is wellknown that many attempts to provide a high-energy completion for the SM [e.g. embedding SU (3) × SU (2) × U (1) into a larger group such as SO (10)] require a large number of scalar fields. It would be an exciting possibility if these additional fields contribute observable effects to low-energy phenomenology such as neutrino mixing.
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A A 4 invariant potential for a real triplet
The scalar potential for a Higgs field, ϕ, transforming as an A 4 triplet was studied previously by one of the authors [22] . Invariance under SU (2) × U (1) implies that this potential is a function only of the combination ϕ † a ϕ b , where a, b label the A 4 components, and it has one quadratic invariant and five quartic invariants.
Here we study the scalar potential for a real scalar field S transforming as a triplet under A 4 . Since S is real, the five quartic invariants for ϕ collapse to only two independent terms. However, since we do not impose a parity that flips the sign of S (the real-valued analog of a U (1) symmetry), there is also a nontrivial cubic invariant from the group theoretic property 3 × 3 × 3 = 3 × (1 + 1 + 1 + 3 A + 3 S ) = 3 × 3 S + ... = 1 + ..., where the 1 denotes the invariant
The most general renormalizable, A 4 -invariant scalar potential for S ∼ 3 is
We first study the three potential vacua that were discussed in [22] :
In the vacuum E we have M 2 = −(3λ + 2λ )S 2 − µS, and:
where m 2 ≡ 2λS 2 − µS , ∆ ≡ 2(λ + λ )S 2 + µS. The notation V | E denotes the value of the potential evaluated at the minimum for the vacuum E. Diagonalizing the matrix of second derivatives gives
In the vacuum U we have M 2 = −λS 2 , and:
When studying the putative vacuum P we find an important difference from the previously studied Higgs potential. Minimizing the potential with respect to S 3 results in the equation
If µ = 0 then this equation cannot be satisfied. Thus, unlike the case of a complex SU (2) × U (1)-invariant Higgs potential, a real scalar triplet does not admit the vacuum P even as a local minimum.
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As pointed out by E. Ma [20] , it is worth also studying the cases E : { S 1 = S 2 = − S 3 ≡ S = 0} and P : { S 1 = − S 2 ≡ S = 0 , S 3 = 0}. The sign flip simply changes the effective sign of µ, since the other terms in the potential are all quadratic in each S a . This is immaterial for the simple case studied in this section, but it will be important when we study the potential for two interacting A 4 triplets.
B Interactions between a Higgs field and a real triplet
Now we study in detail whether the VEVs S ∝ (1, 0, 0) and ϕ ∝ (1, 1, 1 ) can hold to a good approximation in a Lagrangian based on A 4 × Z 2 . Let ϕ ∼ 3 − and S ∼ 3 + be two real triplets of A 4 , where the subscript indicates the parity under Z 2 . The real field ϕ which is odd under Z 2 serves as a toy model for a complex field Φ which is charged under SU (2)×U (1).
The potential is
describes each sector, and
describe the interactions between the two sectors.
We would like to find a perturbative solution around the configurations S ∝ (1, 0, 0) and ϕ ∝ (1, 1, 1) . The general case can be parametrized as
where ε is a small parameter. We will first assume that V quartic Sϕ can be dropped, or in other words that the κ i are at most O(ε 2 ) and thus negligible. We will assume that V 
If we take ϕ 0 /S 0 1, then the corrections to S a ∝ (1, 0, 0) can be ignored safely, but those to ϕ a ∝ (1, 1, 1) are important. This is precisely the situation we seek in the main text: the Z 3 "charged lepton" subgroup of A 4 is broken, but the Z 2 "neutrino" subgroup of A 4 remains conserved to a good approximation. The effect we are talking about is of order S
2 /(ϕ
A convenient way to parametrize this breaking of Z 3 < A 4 is:
This is the equation we use to obtain Eq. (VI.9) in the main text.
Notice that the corrections of Eqs. (B.7) and (B.8) respect the symmetry 2 ↔ 3. In order to find a perturbation that does not respect this symmetry, we can break it explicitly by choosing the leading order vacuum ϕ a ∝ (1, 1, −1) and S a ∝ (1, 0, 0). Carrying out the same procedure as above gives 
for the corrections to ϕ (0) a = ϕ 0 (1, 1, −1). If we take S 0 ϕ 0 then only the corrections to S a are important, and we generate a perturbation to the vacuum S a ∝ (1, 0, 0) which is antisymmetric in the exchange 2 ↔ 3.
C RG for toy model coupled to fermions
Consider a simple toy model of two real scalars φ 1 , φ 2 coupled to "quarks" q and "antiquarks" q, with a color gauge group SU (N ) under which q andq transform as N and N * , respectively. (The φ i are color-neutral, and the gluons are denoted by {G 
so that φ 1 has a Yukawa interaction withwhereas φ 2 does not:
The most general renormalizable potential for φ 1 and φ 2 consistent with Z 2 symmetry is:
We are interested in the renormalization group equations (RGE) for the Lagrangian
in the deep UV regime, far above the scalar masses M 1 , M 2 and the dimensionful cubic coupling M 12 . (Since we are not interested in low-energy phenomena such as spontaneous symmetry breaking, we take M The issue we would like to address is the following. Let m denote a "low-energy" mass scale m ∼ M 1 ∼ M 2 ∼ M 12 , and let M denote the UV cutoff of the field theory. Suppose we (arbitrarily) fix the parameters of the theory at the scale M to satisfy
Our goal is then to find the maximum ratio M/m such that the "off-diagonal" coupling λ 12 remains parametrically smaller than the "diagonal" couplings λ 1 and λ 2 at energy µ ∼ m M.
This toy model is a simple subcase of a general class of theories studied by Cheng, Eichten, and Li [23] . Following their notation, we express our Lagrangian as
ν is the gluon field strength, and¯ D =σ µ D µ is the covariant derivative for each 2-component fermion:
The lowest-order 16 RGE for the couplings g, h i , and
In contrast to the more general case studied in the reference, but similarly to the realistic case in the SM and many of its extensions, here our scalars φ i are not charged under the color group. Also here we need only one flavor of quark, in which case h i is a single number (for each i) rather than a matrix. 16 As pointed out in the reference, the last term of Eq. (C.9) is of "lowest-order" even though it arises from a 2-loop diagram.
for the scale µ and an arbitrary reference point µ 0 ):
(C.8)
Here we have defined the group theoretic quantities , and S 
(C.14)
Then Eq. (C.9) simplifies to Dy = 5y 3 − 9S Before solving the system numerically, let us first obtain some intuition for how the "offdiagonal" coupling λ 12 flows. The whole point of our study is to consider the case for which λ 12 is parametrically smaller than the other couplings, so suppose we can drop terms of O(λ 
Thus in the limit λ 12 (M) → 0, the coupling λ 12 (µ) gets renormalized multiplicatively, so perhaps contrary to intuition, we should expect that the assumption λ 12 (µ) 1 remains In the SM the strong coupling (in the MS renormalization scheme for concreteness) at the Z pole mass is known to be [24] g S (M Z ) ≡ 4πα S (M Z ) ≈ 1.22 and runs to ∼ 0.5 at the scale of grand unification in a typical SU (5) model with a desert between the two scales. Thus for illustrative purposes we take the initial condition g(M) = 0.5.
The Yukawa coupling in our toy model should be thought of as the case in which the top quark couples to the "Higgs-like" scalar φ 1 . In the model studied in the main text, the A 4 -triplet Higgs field Φ is assumed to give mass to both the charged leptons and the quarks, so the situation y ∼ y t ∼ 1 is the one appropriate for the present study. Thus we take y(M) = 1.
For the scalar interactions, the purpose is to study the case λ 1 (M) ∼ λ 2 (M) ∼ 1 and The quartic self-coupling λ 1 remains essentially fixed to its high-scale value until about the same scale at which g and y become non-perturbative, and the quartic-self coupling λ 2 runs down slowly from λ 2 (M) = 1 to λ 2 (e −25 M) ∼ 0.6. The difference in running between the two is of course due to the different roles of φ 1 and φ 2 in the model: the gauge coupling feeds into the running for the Yukawa coupling, which contributes only to interactions involving φ 1 and not φ 2 .
The main figure of interest is Fig. 3, which shows that the off-diagonal coupling λ 12 runs down from its high-scale value λ 12 (M) = 10 18 In a two-Higgs doublet model with Higgs doublets φ 1 and φ 2 , the VEVs must align in the chargeconserving vacuum so that the photon does not obtain a mass. This requires the coefficient of the interaction |φ † 1 φ 2 | 2 to be negative. Furthermore, if Im( φ 1 φ 2 ) = 0 then the coefficient of (φ † 1 φ 2 ) 2 + h.c. should also be negative. [25] In the present case, the coupling λ 12 stands roughly for these two interactions as well as for the coefficient of |φ 1 | 2 |φ 2 | 2 . The running of λ 12 will be slow enough such that its sign does not flip, and so if we extrapolate to the SU (2) × U (1)-invariant case we can just pick the appropriate sign at the high energy scale M, which is taken much less than the typical GUT scale, such that electromagnetism remains unbroken at low energy.
does not spoil the small initial values assumed for the quartic self-couplings in the scalar potential, which would mix the "charged lepton" and "neutrino" sectors of the model and introduce the sequestering problem. 
